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Abstract. It's well-known in Kahler geometry that the infinite dimensional symmetric 
space T-L of smooth Kahler metrics in a fixed Kahler class on a polarized Kahler manifold 
is well approximated by finite dimensional submanifolds Bk C % of Bergman metrics of 
height k. Then it's natural to ask whether geodesies in % can be approximated by Bergman 
geodesies in Bk- For any polarized Kahler manifold, the approximation is in the C° topology. 
While Song-Zelditch proved the C 2 convergence for the torus-invariant metrics over toric 
varieties. In this article, we show that some C°° approximation exists as well as a complete 
asymptotic expansion for principally polarized Abelian varieties. We also get a C°° complete 
asymptotic expansion for harmonic maps into Bk which generalizes the work of Rubinstein- 
Zclditch on toric varieties. 

1. Introduction 

Let (M, u) be an m-dimensional polarized Kahler manifold. Then the space H of smooth 
Kahler metrics in a fixed Kahler class will be an infinite dimensional Riemannian manifold 
under the natural L 2 metric. At the level of individual metrics u 6 "H, there exists a well- 
developed approximation theory (TJ IZ2] : Given u, one can define a canonical sequence of 
Bergman metrics Uk £ which approximates u in the C°° topology. The approximation 
theory is based on microlocal analysis in the complex domain, specifically Bergman kernel 
asymptotics on and off the diagonal. Our principal aim is to study the approximation of 
certain global aspects of the geometry, such as the approximation of the harmonic maps or 
geodesies in % by the corresponding objects in Bk- 

The geodesic equation for the Kahler potentials <pt of u)t is a complex homogeneous Monge- 
Ampere equation [Dl |S]. Concerning the solution of this Dirichlet problem, we have the 
following regularity theorem: cf) t £ C 1,a ([0,T] x M) for all a < 1 if the endpoint metrics are 
smooth [C]. It is therefore natural to study the approximation of Monge- Ampere geodesies 
4>t in % by the much simpler geodesies <pk{t,z) in Bk, which are defined by one parameter 
subgroups of GL(dk + 1)- The problem of approximating geodesic segments in % between 
two smooth endpoints by geodesic segments in Bk was raised by Arezzo-Tian, Donaldson 
and Phong-Sturm |AT| |D| IPS] ). Phong-Sturm proved that <f>k(t, z) — > 4> t in a weak C° sense 
on [0, 1] x M; a C° result with a remainder estimate was later proved by Berndtsson [B]. 

To understand the approximation of "H-geodesics by £>fc-geodesics better, e.g., the rate of 
the approximation, we can test some special varieties and expect a better result. For example, 
in the toric varieties case, when one restricts to torus-invariant metrics, the geodesic equation 
becomes the real homogeneous Monge-Ampere equation and thus can be linearized by the 
Legendre transform [S]. Thus the geodesic will be smooth if the endpoints are two smooth 
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metrics. For such geodesies, Song-Zelditch proved a profound C 2 convergence in space-time 
derivatives with remainder estimates. In a subsequent paper by Rubinstein-Zelditch |RZj . it 
was proved that the harmonic map equation can be linearized and thus can be solved and 
that harmonic maps into % are also the C 2 limit of the cooresponding ones into Bk- 

Our motivation in this article is to test the convergence of geodesies and more general 
harmonic maps over the principally polarized Abelian varieties by applying the method 
developed in |RZl ISoZ] . Our main result is that (fik(t, z) — > <pt(z) in the C°° topology in this 
Abelian case. Moreover, <pk{t, z) has a complete asymptotic expansion in k with the leading 
term <pt{z) and the second term log(fc m .R 00 ) where i?oo is the ratio of the norming constants 
(HB^l . We also test the convergence of the harmonic maps into "Hq of (S a ) m -invariant metrics 
by the corresponding ones into Bk and the convergence is still in the C°° topology. 

2. Background 

2.1. Geodesies in T-L and Bk- Let M be an m-dimensional compact Kahler manifold, 
L — > M an ample holomorphic line bundle. Let h be a smooth hermitian metric on L, then 
h k will be the induced metric on L k . The curvature of h is the (1, l)-form on M defined 
locally by the formula R{h) = — ^^ddlog \s(z)\ 2 l , where s(z) is a local, nowhere vanishing 
holomorphic section |GHj . If we fix a hermitian metric ho and let ojq = R(ho), then we define 
"H as the space of Kahler metrics in the fixed class of [uj ] : 

U = {0 G C°°(M) : = io + ^ddcf) > }, (1) 
where <p is identified with h = hoe~^ so that R(h) = u^. If we define the metric gu on "H as 
I MIL* = / M 2w ™' where 0e^and^er^^L7°°(M). (2) 

J M 

Then formally (H,gn) is an infinite dimensional non-positively curved symmetric Riemann- 
ian manifold [Dl |Mj Ej. Furthermore, the geodesies of % in this metric are the paths <pt 
which satisfy the partial differential equation: 

<M<9< = 0. (3) 

The space % contains a family of finite-dimensional non-positively curved symmetric 
spaces Bk which are defined as follows: Let H°(M,L k ) be the space of holomorphic sec- 
tions of L k — > M and let dk + 1 = dimH°(M,L k ). For large k and for s = (sq, ....,s<i k ) an 
ordered basis of H°(M, L fc ), let 

t s _:M^€¥ d \ z^[s {z),...,s dk {z)] (4) 

be the Kodaira embedding. Then we have a canonical isomorphism L k = l*0(1). We then 
define a Bergman metric of height A; to be a metric of the form: 

FSk(s) := (Llhrs) 1 ^ = ^ (5) 

where Hfs is the Fubini-Study Hermitian metric on 0(1) — > CP dfe . Note that the right side 
of ([5]) is independent of the choice of h Q . We define the space of Bergman metrics as: 

B k = {FS k (s) : s a basis of H°(M, L k )}. (6) 
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Then B k = GL(d k + 1)/U(d k + 1) is a finite-dimensional negatively curved symmetric space. 
It's proved in [U [Z2] that the union B = UfeLi &k is dense in % in the C°° topology : If 
h G %, then there exists h(k) G Bk such that h(k) — > h in C°° topology 

In fact, there is a canonical choice of the approximating sequence h(k) [T] which is used 
throughout the article. The hermitian metric h on L induces a natural inner product Hilb k (h) 
on H°(M, L k ) defined by: 

(s 1 ,s 2 ) h k= / (si(z),s 2 {z)) h k-^, where u h = R(h), (7) 
Jm m - 

for any S\, s 2 G H°(M, L k ). In particular, the norm square of the holomorphic section is: 

II* = I (8) 



M 



ml 



Now choose s(k) as an orthonormal basis of H°(M,L k ) with respect to the inner product 
Hilbk(h), then we have the following C°° asymptotics for the Bergman kernel as k — > oo |Z2] 
(see also [BBSllBS] ): 

J2\s^)\l = k m + a 1 (z)k m ~ 1 + ... , (9) 

3=0 

where ai(z) is the scalar curvature of h. Now let s(k) = k~~s(k). Then the Bergman metric 
h(k) = FSk o Hilbk(h) := FSk(S(k)) will be an approximating sequence of h; to be more 
precise, ([5]) and ()9]) imply that for each r > 0, 

h(k) 



h 



0(1) , ||w(Ar) - o;|| = 0(1) , - 0|| = 0(1), (10) 



where the norms are taken with respect to C r (u ). Here, as before, u = R(h), u{k) = R(k), 
h = h e-*, h{k) = h e~^ k \ 

Now we can compare geodesies in W and Bergman geodesies in Bk- Let h , h\ G U. Then 
there will be a unique C 1,a Monge- Ampere geodesic h t = hoe~^ t ^: [0, 1]— > H joining ho to 
hi for all a G (0,1) (£]. Assume h (k) = FS k (s {0 \k)) and /n(Jfe) = FS k (s {1 \k)) are two 
sequence in B k obtained by the canonical construction approximating ho and h±. Then the 
geodesic joining h (k) and h\(k) in the space B k = GL(c4 + l)/£7(c4 + l) is constructed in |PS] 
as follows : Let a k G GL(dk + l) be the change of basis matrix defined by crk'§^°\k) = i^(fc). 
Without loss of generality, we may assume that a k is diagonal with entries e A °, e Xd k for 
some Xj G R. Let s_^(k) = a\ ■ tr°\k) where a\ is diagonal with entries e Xjt . Define 

h k (t,z) = FS k (s®(h)) = h e-^ z l (11) 

Then h t (k, z) is the smooth geodesic in GL(d k +l)/U (d k +l) joining hoik) to h\{k). Explicitly, 
use identity again, we have: 

MM) =^8^^%^)^)- ( 12 ) 

Then the main result of Phong-Sturm [PS] is that the Monge- Ampere geodesic 4>t{z) is 
approximated by Bergman geodesic <fr k (t, z) in a weak C° sense on [0, 1] x M; a O result 
with a remainder estimate was later proved by Berndtsson [Bj. 
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For special varieties, one expects better results. The first evidence is in |SoZj : Song- 
Zelditch proved the convergence of 4>k(t,z) — > (j>t{z) is much stronger for toric hermitian 
metrics on the torus-invariant line bundle over the smooth toric Kahler manifold. To be 
more precise, define the space of toric Hermitian metrics: 

U(Y m ) = {<f) G H : {e ie )*<j) = 0, for all e 10 G T m } (13) 

Then for the smooth geodesic in %(T m ) with the endpoints ho and hi G H(T m ), they proved: 

lim <f> k (t, z) = <f>(t, z) in C 2 ([0, 1] x M) (14) 

k— ¥oo 

And they also obtained the rate of the convergence and the remainder estimates. In fact, 
their method can be applied to the principally polaried Abelian varieties. In our article, 
we consider the Abelian case and prove the existence of C°° convergence, moreover, we can 
expand 4>k{t, z) in k completely with the leading term <j) t . 

2.2. T-invariant space Hq. Throughout the article, we will use the following notation: 
denote T = (S 1 ) 171 = (IR/Z) m , the isomorphism is given by e 2 — > 9 mod Z m ; thus we can 
identify a periodic function on M m with period 1 in each variable with a function defined on 
T; denote y 2 = y\ + • ■ ■ + and x ■ y = x±y\ + ■ ■ ■ + x m y m for x, y e M. m . 

By performing affine transformation, it suffices to consider the principally polarized Abelian 
variety M = C m /A, where A = Z m + iZ m . We will prove our main result for this model case 
first and in section [5J we will sketch how to extend our argument to the general lattice. 

Now for M = C m /A, where A = Z m + iZ m , we can write each point in M as z = x + iy, 
where x, y G W 71 and they can be considered as the period coordinate in M. There is a 
natural action on M: the group T = (S 1 )™ acts on M via translations in the Langrangian 
subspace IR m C C m , i.e., the translation of x in the universal covering space. 

Let L — > M be a principal polarization of M; then there exists a hermitian metric defined 
on L [SH]: 

h = e" 2 ^ 2 

The curvature of h is given by R(h) = ^^p-n J2a=i ^ which is in the class [7rci(L)]. 
Now fix uq = R(h) a flat metric on M with associated Kahler potential 2iry 2 , denote %^ as 
the space of T- invariant Kahler metrics in the fixed class [ojo], then: 

Hi = G C?(M) : ^ = ujo + ^dd^J > 0}. 

Note that a smooth function ip(x,y) defined on M invariant under the T action should be 
independent of x variable; thus in fact it induces a smooth function on M/T, i.e., ip can be 
considered as a smooth and periodic function on the universal covering space y G M. m . 
All hermitian metrics h on L such that R(h) = oj^ G Hq are of the form: 

h = e -W-4^fe). ( 15 ) 

In sectionlU we will see such h is a well defined hermitian metric on L. And the corresponding 
Kahler potential is: 

if(y) = 27ry 2 + A7T^(y), (16) 
where ip{y) is a smooth and periodic function with period 1 and V 2 ip(y) > 0. 



The following fact about the space Hq is crucial [Dl [S]: Given any ip and <pi e Hq, we 
can join them by a smooth geodesic ipt € "Ho • Thus throughout the article, we will consider 
the geodesic in the form (ft(y) = 2ny 2 + 4wif; t (y). 

In section [8], we show how to get our main results for the case of a general lattice. 

3. Main results 

3.1. Complete asymptotics of geodesies. Our main task in this article is to prove the 
following theorem: 

Theorem 3.1. Let M be a principally polarized Abelian variety and let L — > M be a principal 
polarization of M. Given h and hi in of the space of Y -invariant Kahler metrics, let 
h t G *Hq be the smooth geodesic between them. Let h k (t) be the Bergman geodesic between 
h {k) and h^k) in B k . Let h k {t) = e~ Mt ' z) h and h t = e~ Mz) h , then, 

lim 4> k (t,z) = 4> t (z) 

k— >oo 

in the C°°([0, 1] x M) topology. Moreover, we have the following C°° complete asymptotics: 

<() k (t, z) = <p t (z) + mk' 1 log k + /c _1 ai(t, fit) + k~ 2 a 2 (t, fi t ) H (17) 

for k large enough, where fit(y) = V</?t(|/) where y is defined in and each a n is a smooth 
function of fit and t. In particular, a\ = log-Roc where Roo is defined by ( fj^ ). 

We now sketch the proof of our main result for the model case: define the inner product 
on H°(M, L k ) induced by h k in the sense of (j7|), then in Prop osit ion 14 . 1 1 we first prove that: 
for any fixed t, the following theta functions of level k: 

. U + kn) 2 



9j(z) = e - 7r ^ir^ +2ni( - j+kn > z ,j e (Z/fcZ) 



form an orthogonal basis with respect to this inner product, in particular, dim H°(M, L k ) = 
k m . Therefore, we can choose the orthonormal basis s^(k) as 9j normalized by U^H^. 

Hence, if a k e GL(k m ) such that a k ■ s {0) (k) = | (1) (fc), then a k can be chosen to be diagonal 
with entries e Aj = Hence, the equation ffT2l) of the Bergman geodesic becomes: 

/ lid 112 \ * Id 12 



fa(t,z) = - log 



9\\ 2 I \\9 \\ 2 ' 

Our main theorem is to prove this term converges to 4>t{z) in the C°°([0, 1] x M) topology. 
But 

i /W9-W 2 \ 1 \9-\ 2 p- k & 



<f> k {t,z) - (j> t {z) = -log Y 



"o 1 "0 



denote p k (j,t) = \\0j\\ 2 h k as the norming constant and denote 

Pk(j,t) 



Rk(j,t) 
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and as usual ht = e _< ^/io, then we can rewrite 



ie(z/fcz) m " ■'"ft* 



2 



Thus our goal is equivalent to prove this term goes to in the C°° topology as k — > oo. In 
fact we prove the following result that implies Theorem 13.11 immediately: 

Lemma 3.2. With all assumptions and notations as above, we have: 

W 2 



1 1 Vj | . k 

-log 2J R k(j,t) -rr^ ,,2 = mfc" 1 logfc + log^^^t) + fc~ 2 Ci(/i t ,t) + 
je(z/fcz) m 11 Jl1 ^ 



where Ht{y) — V^t(y), c n (/i f ,t) G C°°(M x [0, 1]) and periodic in y variables for any fixed t 
and i?oo zs defined by fcffi ). Furthermore, this expansion can be differentiated any number of 
times on both sides with respect to t and y (or z). 

The proof of Lemma 13.21 is a consequence of the following two facts 

• Regularity: Rk{j, t) admits the complete asymptotics with the leading term given by 
R oc (x,t) evaluated at the point x = — -|^ (Lemma l5.2p . 

\8 ■ | 2 

• The generalized Bernstein Polynomial J2je(z/kZ) m /(~f) ii/ifo* admits complete asymp- 
totics for any periodic function / defined on M m with period 1 (Lemma 13. 3|) . 

3.2. Dedekind-Riemann sums. In section[6], we prove the following generalized Bernstein 
Polynomial Lemma using the basic properties of theta functions and Weyl quantization: 

Lemma 3.3. Let f{x) G C°°(IR m ) and periodic in each variable with period 1, let h G Hq, 
then we have the complete asymptotics: 

I E f(-i^wkr m+k ~ Mtl)+ - (20) 

j£(7./hT\m 'I J lift" 



where /i(y) = y + Vi/)(y) and b n (fi) G C°°(IR m ) for all neN. 

The generalized Bernstein polynomial Lemma [3731 has an application to Dedekind-Riemann 
sums for the periodic functions. Results about the complete asymptotics of Dedekind- 
Riemann sums for the smooth functions with compact support over the polytope P were 
obtained by Brion-Vergne, Guillemin- Sternberg and many others (cf. |BV| IGSj ). For pur- 
poses of comparison, Theorem 4.2 of |GS] states that for / G C^°(lR n ): 



ImnlP \ P V / "7 r h 



aez m nfcP 



\h=0 



7er^ 

where a is the lattice point in the kth dilate of the polytope kP and Ph is a parallel dilate 
of P. We refer to |GS] for more details. 

Afterward, Zelditch related the Bernstein polynomials to the Bergman kernel for the 
Fubini-Study metric on CP 1 , and generalized this relation to any compact Kahler toric 
manifold, implying many interesting results |Zlj . To be more precise, let (L, h) — > (M,cu) be 
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a toric Hermitian invariant line bundle over a Kahler toric manifold with associated moment 
polytope P, he proved the following complete asymptotics: 

I 1 2 

E f(^)f^ = f(x) + k- 1 C 1 f(x) + k- 2 C 2 f(x) + --- (21) 

where / G C^°(M m ), each is a differential operator of order 2j, s a is the orthogonal basis 
of H°(M, L k ) which in fact are monomials z a . Then the simple integration yields: 

i E /(f) = / f^ dx + ^k I f ^ dx+ ¥ [ + (22) 

In [F], this method is then generalized to the polyhedral set. 

In section we will first generalize the method in [Fj IZlj to Abelian varieties to get the 
Lemma 1331 If we take the integral over M on both sides of fl20l) and note ^2j e ^z/kz) m /(f) = 
Sje(z/fcZ) m /( — |)' then we have the following Dedekind-Riemann sums for periodic func- 
tions: 

COROLLARY 3.4. Let f(x) G C 00 ^™) and periodic in each variable with period 1, then: 

h E /(?)=/ fWx + k- 1 j b 1 (x)dx + ..- (23) 

K K </fO,ll m J\0,l] m 



where each b n (x) G C°°(IR m ) and can 6e computed explicitly. 

3.3. Complete asymptotics of harmonic maps. A harmonic map between two Rie- 
mannian manifolds (N\,gi) and (A2, #2) is a critical point of the energy functional 



E(f) = [ \df\U rg2 dVol g 



"9i 

'Ni 

on the space of smooth maps / : N\ — > A2. Note that this notion may also be defined 
when the target manifold (A2, #2) is an infinite-dimensional weakly Riemannian manifold, 
e.g., (Ji,gu)- By a smooth map / from A to % we mean a function / G C°°(N x M) such 
that /((?, •) G Ti for each g G A (see Definition 1.1 in |RZj ). 

In |RZj . Rubinstein-Zelditch proved that, in the toric case, the Dirichlet problem for a har- 
monic map f : A — > H(T m ) of any compact Riemannian manifold A with smooth boundary 
into %(T m ) of toric invariant metrics admits a smooth solution that may be approximated 
in C 2 (N x M) by a special sequence of harmonic maps (fk '■ A — >■ £>fc(T m ) C "H(T m ) into the 
subspaces £>fc(T m ) of Bergman metrics (Theorem 1.1 in |RZ] ). This generalized the work of 
Song-Zelditch in the case of geodesies, i.e., where A = [0, 1]. 

In the spirit of |RZ] , we consider the harmonic maps into the space of "Hq of T-invariant 
Abelian metrics . Then we can prove that the approximation of the harmonic into Hq by 
the corresponding ones into is still C°°. 

Theorem 3.5. Let M be a principally polarized Abelian variety and let L — >■ M be a principal 
polarization. Let (A, g) be a compact oriented smooth Riemannian manifold with smooth 
boundary ON. Let if; : dN — > denote a fixed smooth map. There exists a harmonic map 
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if : N "Hq with ip\dN = "0 and harmonic maps <fk '■ N — > Bk with <pk\dN = FSk o Hilbk(ip), 
then we have the following C°° complete asymptotics, 

= <p + mk" 1 log k + k~ 1 a\ + k~ 2 ai + ■ • • 

where each a n is smooth and a\ = logA'oo where is defined by HM) . 



The proof of Theorem 13.51 is similar to the one in |RZj . In section [HI we will sketch the 
main steps of the proof for the model case. 

3.4. Final remarks. The C 2 convergence of Song-Zelditch for the toric varieties can be 
improved to the C°° convergence for the Abelian varieties mainly because of the Regularity 
Lemma \5. 21 Rk(j,t) admits complete asymptotics. But for the toric case, they do not know 
the existence of the complete asymptotics of Rk{<y,t), where a is a lattice point in P which 
is the image of the moment map of toric varieties V p <p : M — > P. In fact, they have the 
following lemma: 

(^) n R k (a, t) = (^"Mp t) + 0(W) , < n < 2. 

They can not prove the existence of complete asymptotics because they can not get the joint 
asymptotics of k and a of the norming constant Pk{ot) = ||s Q ||^ fe , where s a is the holomorphic 
section of the invariant line bundle. Recall that the boundary of P is the image of the points 
with isotropy group of T n , 1 < n < m under the moment map V p ip and the boundary causes 
serious complications. To be more precise, they can rewrite Pk{ot) as: 

p k (a) = [ e -*(^(*)+(f-*.v« v (*))) da . 



Jp 

where u v is the symplectic potential defined on P, i.e., the Legendre transform of Kahler 
potential if. Note that the critical point of the phase is given by p thus they can get 
complete asymptotics by the stationary phase method when the point ^ is far away from 
the boundary of P. But they can not get joint asymptotics by this method when the point 
goes to the boundary dP as k — > oo [SoZ] . 

But in our Abelian case, we do not have such disadvantage. There is a real torus T = (S 1 )™ 
action on the Abelian varieties. This action is free, i.e., there is no point with the isotropy 
group of (S* 1 )™, 1 < n < m. In section 15. 1[ we will see that the gradient of the Kahler 
potential induces a map Vip t = 47r(y + V^) : M — > M/T which is in fact a Lie group valued 
moment map for any fixed t. The image of V(ft is M/T which has no boundary. There is 
another way to look at this, in section [5T2l we rewrite Pk{j) = ll^jll^fc as an integral over the 
universal covering space ~R m ( T4T1) : 



where u(x) is defined by Legendre transform of </?, thus we can apply the stationary phase 
method to this integral everywhere. 

For example, in section HI we can get identity ( 1351 which is the exact formula for pk{j) = 
\\djWftk- If we assume ip = 0, i.e., we choose the flat metric over the Abelian variety, then 
HjL will be a constant independent of j, i.e., the joint complete asymptotics of pfc(j)(which 
is in fact a constant) exist for any j as k — > oo. This is totally different from the toric case. 



9 



For example, consider (CP 1 , 0^5) with Fubini-Study metric, then ||z Q ||^ fe = (*) \ but as 
proved in |SoZlj . for any a E [k~*, 1 — k~i], by stationary phase method: 

k \ 1 



_ e (" log log(l-a)) 



kaj ^2irka(l - a) 

Then it's easy to see that the asymptotics are highly non-uniform as a — > or a — >■ 1, where 
and 1 are two boundary points of the moment polytope [0, 1] of CP 1 . 

Acknolwedgements: The author would like to thank Prof. S. Zelditch for his support of 
this project. He would like to thank Dr. Z. Wang for many helpful discussions. Many thanks 
go to Dr. Y. A. Rubinstein for discussing the problem and sharing many of his fresh ideas, 
for reading the first version line by line, pointing out mistakes and typos and giving many 
suggestions about how to write the article. The author also would like to thank the referee 
for many helpful comments in the original version. This paper will never come out without 
their helps. 

4. Abelian varieties and Theta functions 

In this section, we will review some basic properties of principally polarized Abelian vari- 
eties and theta functions, we mainly follow |FMNj . refer to |GH[ IMuj for more details. 

Let V be a m-dimensional complex vector space and A = Z 2m a maximal lattice in V 
such that the quotient M = V/A is an Abelian variety, i.e., a complex torus which can 
be holomorphically embedded in projective space. We assume that M is endowed with a 
principal polarization, then we can always find a basis Ai, \2rr1 for A, such that Ai, A m 
is a basis of V and 



A m +a — Z/SaXp, a — 1, 



m 



where Z = (Z a p)™ « =1 is a m x m matrix satisfies Z T = Z and ImZ > 0. Conversely, 
principally polarized Abelian varieties are parametrized by such matrices. 

Let Xi, x m , yi, y m be the coordinates on V which are dual to the generators Ai, \2 m 
of the lattice A. Then x a and y a can also be considered as periodic coordinates in M, and 
are related to the complex ones by: 

m m 

z a = x a + Z a pyp , z a = x a + 22 Zapyp- (24) 
p=i 0=1 

Let L — > M be the holomorphic line bundle, if we further assume L is a principal polar- 
ization of M, then the first Chern class Ci(L) is given by: 

w o = XT=i dx » A dy a 

(25) 

The space H°(M, L k ) is naturally isomorphic with the space of holomorphic functions 9 on 
V satisfying: 

0(z + A Q ) = 9(z), 6{z + A m+Q ) = e - 2k ™<*- k ™ z <*<*e{z). (26) 
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In fact, these theta functions are in form |FMNj : 

9{z)= Yl a M*&), 



where 

6i(z,n) = e mil+kn) % {l+kn)T e 2nlil+knyz , I G (Z/kZ) m . (27) 

In particular, dim H°(M, L k )= k m . 

Now consider the hermitian metric h defined on L, h should be a positive C°° function of 
z satisfying: 

h(z)\6(z)\ 2 = h(z + \)\6(z + \)\ 2 (28) 

for any A G A; thus 

h(z + X a ) = h{z) , h(z + X m+a ) = \e 2niZa \ 2 \e mZ ^\ 2 h(z). (29) 
Conversely, any such function h defines a metric on L. 

For simplicity, we first consider the Abelian variety M = C m /A, where A = Z m + iL m . 
Write z = x + iy, where x and y G M m and can be viewed as the periodic coordinate of M. 
Let L — > M be a principal polarization of M, then by formula (127|) . the global holomorphic 
section of H°(M, L) is given by the following Riemann theta functions: 

e(z) = e~™ 2+2 ™' 2 , (30) 

where n 2 = n\ + ■ ■ • + and n ■ z = n\Z\ • ■ ■ + n m z m . And the global holomorphic section 
of H°(M, L k ) is given by: 

dj{z) = e - nLi± ¥ ]1+2m{j+kn) -\ j G (Z/kZ) m (31) 

with dimiJ°(M, L k )= k m . Furthermore, 9j(z) are holomorphic functions over C m and satisfy 
the following quasi-periodicity relations: 

e 3 {z a + 1) = e 3 { Za + i) = e- 2 ^ kz ^e d \z a ). (32) 

Now define the hermitian metric on L as 

= e ~27ry 2 -Anil> t (y) 

where ipt(y) is a smooth and periodic function of y G M m with period 1. It's easy to check 
h t satisfies conditions ( I2"9~j) 

h t (z a + l) = h t (z a ) , h t (z Q + i) = \e 27riz " \ 2 e 2 *h t {z a ), 

thus /it is a well defined hermitian metric on L. 

Now in our case, the natural Hermitian inner product (J7J) defined on the space H°(M, L k ) 
reads: 

, ,rr 



(9 l ,9 j ) h H= / ^(^^(^e- 2 *^- 4 *^*^-^, (33) 



where the volume form -^f = (47r) m det(J + \7 2 ipt)dxdy. 
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Proposition 4.1. {9j ,j £ (Z/kZ)" 1 } forms an orthogonal basis of H°(M, L k ) with respect 
to the Hermitian inner product defined by / fffgj) . 

Proof. By definition, 

<Mi>af = (^) m / [0>1]m / [ o A]m [E^e-^^(W- 1 . 

E ez™ e- 7rii± ? l! - 27ri ^ +fc P)^]e- 2 ^ 2 - 4fe7r ^^ det(J + V 2 ip t )dxdy 



(34) 

I 41 "/ LZ-mGZ m Z-/peZ m J[0,l] m J 

[J [0il]m g-. C + *n) 2 + fa + *r) 2 _ 2 ^ (;+fcw+J+M .,_ 2fc V-4fc^ t det(/ + V 2 ^)dj/] 

For the first integral, if l a + kn a = j a + kp a , i.e., l a — j a — mod fc, then 

/ ^2m{l a +kn a -j a -kp a )x a ^ _ j 
710,1] 

otherwise, it's 0. Since 1 < Z a , j a < k, hence l a + kn a = j a + kp a iff l a = j a and p a = n a ] 
thus the first integral is nonzero iff I — j and n = p. Then equation (1341) becomes: 



(35) 



(6 h 6 3 ) hk = (A7r) m 5 u I e - 2k ^ +n+y)2 e~ ik ^ t{y) det(J + V 2 ^ t )dy. 

Hence, we can see that {9j ,j £ (Z/kZ) m } forms an orthogonal basis of H°(M,L h ). □ 
Furthermore, we have: 

||0J 2 , = (4vr) m J2 nezm / [0)1]m e- 2fe (i+»+»)V fc *W det(J + V 2 ^)*/ 

= (4vr) m / Rm e" 2fc7r ^ + i ) 2 e ~^Mv) det (j + V 2 ^ t )dy. 

In the last step, we change variable y —> y + n and use the fact that ipt{y) is a smooth and 
periodic function with period 1. In fact, this integral is taken over the universal covering 
space R m . 

5. Regularity lemma 

5.1. T-invariant metrics and geodesies. In this subsection, we recall some basic proper- 
ties of the space Hq of T- invariant Kahler metric proved in [D] . 

Now consider M = C m /A where A = Z m + iZ m , we write each point in M as z = 
x + iy, where x and y £ lR m and can be considered as periodic coordinate in M. Let 
w o — n EcT=i A dz a be the flat metric with associated local Kahler potential 2iry 2 . 
The group V = (S l ) m acts on M via translations in the Langrangian subspace M. m C C m , 
and this induces an isometric action of T on the space H of Kahler metrics on M; so Hq of 
T-invariant metrics is totally geodesic in H. Furthermore, Hq can be viewed as the set of 
functions: 

Hi = £ C™{M) : aty = cj + ^^ddiP > 0}. (36) 
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In fact, a function invariant under the action of T is independent of x; thus it descends 
to a smooth function on M/T, i.e., smooth and periodic function with period 1 defined on 
y G K m . 

The crucial point about T-Lq is: Given any two points (fo and ip 1 in "Hq, there exists a 
smooth geodesies ipt(y) i n Hq joining them. To be more precise, in the local coordinate, the 
geodesic is given by the path <pt(z) = 2iiy 2 + Anip t (y) satisfying the condition: 

0-i|V^ = O (37) 

Moreover, \7 2 (ft — I + V 2 ^ > because of the positivity of Kahler form; thus ip t is a convex 
function on MJ 71 . Then the Legendre transform of <ft{y) 

ut(p) =fi-y- (p t (y) (38) 

is well defined where 

= V^ = 47r(y + VVt(y)). (39) 

For any fixed t, the map j-i(y,t) = V(ft '■ ^ m — > ^ m and also induces a map fi : M — > M/T 
which is an example of a Lie group valued moment map. Following the same proof in 
US EH E3, we have: 



Proposition 5.1. u(t,/j,) is linear along the geodesic (3l\) . 

According to this Proposition, we can solve equation ( 137|) in Hq as follows: given any two 
Kahler potential ipo and <pi, make the Legendre transform m = Cipo and u\ = £<pi, then 

ut = (1 - t)u + tm (40) 

solve equation u = 0; thus the inverse of Legendre transform 

<Pt = cr x u t (4i) 

will solve equation ( 1371) which is C°°. 

5.2. Regularity Lemma. Denote u(t,fi) = £ipt(y) as the Legendre transform of ft{y) for 
any fixed t. By properties of Legendre transform, we have: 

y = V m m, (42) 

|j = (V^)" 1 ^) = ^(1 + V 2 ^)" 1 ^) > 0. (43) 
Let Pk(j,t) = \\6j || 2 j. denote the norming constant. Define 

*) = i rnff fiw (44) 
(PfcU^O)) 1 *(pfcU,l))* 

We have following regularity lemma: 
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Lemma 5.2. We have the following complete asymptotics, 

R k (j, t) = RnQji, t)(l + ArV + k~ 2 a 2 + ■■■ + k~ v a v )\ u = _ M + 0{k~ v - x ) 



k 



where v is any positive integer and O symbol is uniform in t. Moreover, R^^i, t) and each 
a v are smooth functions of (/i, t) and 4ir- periodic in fi for any fixed t. 

Proof. The periodicity of -Roo(/i,t) is easy to see since the map \i : y — > V y induces a map 
from M to M/F, thus all functions in /i variables will be periodic. 
First from 031) , we have, 



dn = (4vr) m det(J + V 2 tp t )dy. (46) 
Now plug fl38l) . (j4"2l) and fj4"6l) into fl35l) . then we can rewrite the norming constant pk{j,t) 



as 



p fe (j,t) = e- 2 ^ / e-^'t-^^-t)^. (47) 



Hence, by definition, we can rewrite R^(t,j) as 



R k {j,t) 



Recall the stationary phase method (Theorem 7.7.5 in JR]): 

M (x)e^W = === ^ k- x L x u\ x=x , (48) 



v/det(W 2 ^(x)/2 



7TZ 



A=0 



where x' is the critical point of Im\l/ > and L\ is a differential operator of order 2A. 

Note that in [H], u(x) is assumed to has compact support, but in fact this formula is true 
for any u(x) G C 00 ^™). The strategy is to choose a cut-off function x in a neighborhood 
of x' and rewrite the amplitude u to be \u + (1 — x) u i then separate the integration into 
two parts correspondingly. To the integration with the amplitude x u i we use t ne formula of 
stationary phase method directly; to the second part, by Theorem 1.1.4 in [So] , is 0(k~°°). 

To our case, note that the hypotheses of [H] are satisfied since we can add some constant 
to ensure our phase function has positive imaginary part. Now the critical point of the phase 

= /i ■ |^ — u + ^ • |^ satisfies: (// + -^p-) • V 2 u = 0. Thus the critical point of the phase is 

given by p! = — since the matrix V 2 u > . And the Hessian of the phase at the critical 
point is V 2 ^\^=^i = V 2 u(fi',t) > cl. Thus by the formula of the stationary phase method, 



we have 

du i 4nj du 



fc-f ( e - fc(/ ^- u+ ^VdetV 2 u)(l + k- x Lx{t, n) + k~ 2 L 2 {t,u) ■ ■ -)\ u , = _^± (49) 



= fc-T ( e fe VdetV 2 M)(l + + k~ 2 L 2 {t,u) ■ ■ -)\ u , = _^±. 

where each La is a smooth function of (/i, t) and 47r-periodic in /i for any fixed £. 
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Now we can get the following expression of Rk{j, t) by expanding each term in denominator 
and numerator: 



D (A +\ — „kir(u-(l-t)uo-tui) f det V 2 u U/2 1+fc 1 L 1 (t,[i)+ 

J^kU, ><) — e yidet^uoy-^det^mY > {l+k- 1 L l (Q^)+-) 1 - t {l+k- 1 L l {l^)+-) t \fi=-^ 



= i?oo(/i,t)(l + ArV + k~ 2 a 2 + . . . + k^a^l^^i + 0{k~ v ~ 1 ). 

(50) 

In the last step, we plug in the identity ( l40l) . Then we apply the Taylor expansion (1 +x) 7 = 
1+7X+- • • to the term (l + k^L^t, //) + • • • )(l+k' 1 L 1 (0, //) + • • • )'" 1 (l + A;- 1 Li(l, fi) + - ■ ■ )"*, 
choosing 7 as t — 1 and — t. If we expand these three terms completely, we will get the 
complete asymptotics, and we can compute each term step by step. For example, the first 
term is 1 and the second term is k~ x (L\(t, jj) — (1 — t)Li(0, /1) — tLi(l, /i)). Moreover, a u is a 
polynomial of t and La(^, A*) for some A, hence each a v is smooth and uniformly bounded on 
[0, 1] x M, and periodic for any fixed t . Furthermore, if we combine this with the fact that 
-Roo(aM) is uniformly bounded, then the error term .R^/i, t)a A+1 is uniformly bounded, i.e., 
the symbol O is uniformly bounded. □ 



6. Generalized Bernstein Polynomial 

In this section, we will prove the Lemma 13.31 We first introduce the definition and some 
basic properties of the Bergman kernel, refer to \SZ\ \Z1\ IZ2] for more background. 

Let (L, h) — > (M, u) be a positive holomorphic line bundle over a compact Kahler man- 
ifold of complex dimension m. We assume cu = — y ^dd\og\s(z)\1, where s(z) is a local 
holomorphic frame. We now define the Bergman kernel as the orthogonal projection from 
the L 2 integral sections to the holomorphic sections: 

n fc : L 2 (M, L k ) — )• H°(M, L k ). (51) 

Furthermore, if {s*} is an orthonormal basis of H°(M, L k ) with respect to the inner 
product defined by then 

U k (z,w) = Y, s "( z )^s k (w), (52) 

j=0 

where dk + l=dim H°(M, L k ). The following holds for any m-dimensional Kahler manifold 
[BBSllBSllSZ]: 

Proposition 6.1. For any C°° positive hermitian line bundle (L,h), we have: 

U k (z, w) = e H<t>(^)-W(*)+^)))Ak(z, w) + 0(k-°°), (53) 

where <fi is the smooth local Kahler potential for h, <p(z, w) is the almost analytic extension 
of 4>(z) and A k (z, w) = k m {l + /c _1 ai(z, w) + • • • ) a semi- classical symbol of order m. 



Now we turn to the proof of Lemma 13. 3t 

Proof. Assume M = C m /A where A = Z m + iIT 1 and L — > M is a principal polarization 
of M. Choose Kahler potential <p(y) = 2ny 2 + 47rijj(y) as before. From Proposition 14. 1[ 
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{9j,j G (Z/fcZ)" 1 } forms an orthogonal basis of H°(M, L k ) with respect to the Hermitian 
inner product defined by (J7|); thus by formula (1521) . the Bergman kernel is given by: 

For any function /(x) G C°°(T m ), we can define the following translation operator U : 
/(x) — >■ /(x — -r) on the universal covering space. If we consider this operator acting on the 
vector space H°(M,L k ) of holomorphic theta functions, then we have the following Weyl 
quantization [K j IKRj : 

o Pk (f) = Yl zoo* 7 "* ( 55 ) 

where f(n) is the Fourier coefficients of /. Now apply U to theta functions: 



e ( z ) = e^WH-' 

then for any x G M m , it's easy to see that: 

U(9j(z + x)) = e'^U^z + x), (56) 
where e~ 2m i = e -27 ™^ • • • e _27ri T. Next apply Op k {f) to theta functions, we have: 

Op k (f)ej(z + x)=(Y! Kn)e~ 2 ^A Ofc + x) = f{-j-)0j(z + x). (57) 



Now apply this operator to the Bergman kernel off the diagonal (|54[) . we have: 

x=0 



O Pk (f)U k (z + x, W )\ x=0 = Op k (f)J2 M 



ktp(Imz) kip(Imw) 

h 



(5? 



Here we use the fact that ip(Im(z + x)) = cp(Imz) = ip(y). Now choose z = w, we have: 

i £ /(4)|!^ = iop fc (/)n^ + x,z)U. (59) 

j&(Z/kZ) m 11 

Now we get the complete asymptotics of H k (z + x, z) as follows: by assumption, our Kahler 
potential only depends on y =lmz, i.e., ip(z) = tp(y) = ip(^-), thus the almost analytic 
extension of ip is given by 

<p(z,w)=<p{^^). (60) 

Hence, formula ( l53l) reads: 

U k (z + X,Z) = e Kv{z+x,z)-\{ V {z+x)+ V {z))) + ^ 

(61) 
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where A k {z + x, z) = k m {l + k~ x ai{z + x, z) + • • • ). In the last step, we use the fact that 
<p(z + x) = <f(z) = ip(Imz) again. 

Now apply the operator -^Op k {f) on both sides of (l6Tj) . 



^Op k (f)U k (z + x,z)\ x=0 = -j^J2nez™f( n ) Un]1 k{z + z,z)\ x= o 

= ^ f{n)e k ^-^)-^A k {z - % z) 

= W E„ e z™ /(n)e^(v-i)-«4( z _ n Z ). 



(62) 



In the last step, by identity (|60|) . the almost analytic extension (^(z — ~, z) = </?( — li - " 1 ) = 

To the last equation in ( 162]) . if we apply the Taylor expansion to e k ^ y 2«J w) and use the 
complete asymptotic of A k (z — |, z) = fc m (l + A; _1 ai(z — |, z) + •■■), we will get the complete 
asymptotic of Op k (f)U(z + x, z)\ x=0 . For example, we can compute the leading term as 
follows: first, e^fr-^-^f)) = e -Vv%+o(k-i) = e -v<r% +0(fc-i) ; second, ^A fc (z- f , z) = 
1 + 0(/c _1 ). Hence the leading term is given by, 

£ /(n)e"^fi = /(^) = /(ai), (63) 

where fi = y + Vip. Hence, we can get the complete asymptotics step by step if we further 
expand e k ^ y ~^-^ and A k . □ 

As a remark, if we replace / and h to be a path of smooth periodic function f t and any 
path h t in Hq, then the lemma still holds with the leading term /t(/i). Furthermore, we can 
differentiate the complete asymptotics with respect to t on both sides. 



7. C°° CONVERGENCE OF BERGMAN GEODESICS 

In this section, we will apply the Regularity Lemma and the generalized Bernstein Poly- 
nomial Lemma to prove Lemma 13.21 

Proof. We first apply Lemma I5T21 and denote A u (n,t) ~ R QC (/i,t)a u (n), then A u (fi,t) is 
periodic in \x since R^n^t) and a„(/i) are periodic. Then: 

^ d / . + \^±_ 

h t 

\ d i\ 2 k 

~ E jG (Z/fcZ)™ #oc(M)(l + + + • • -)l M =-*Sp-^ 

|6M 2 ie-1 2 

^ v r r 47Tj t\ 3 h ? I 1 V A,( 47rj f\ f I 

Z^j 6 (z/fcz) m -"-on fc ' ^WTFT ^ fc ^je(z/fez)™ & ' 'lieTFI 
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Since R^n, t) is periodic with period Air, then R^An^i) will be periodic with period 1, thus 
if we apply Lemma [3.31 to function i? 0O (47r/i), we have: 



\9-\ 2 , 

je(z/kz) m " 



where /x = 47r(?/ + V^t)- In fact, we can apply Lemma 13731 to each coefficient, e.g., 

Id 12 

and so on, then we have the complete asymptotics: 

|0 | 2 

E J6W ^(J.^ ~ k m (R 00 ( f i,t) + k~ 1 (A 1 + b n ) + ••■)• 

h * 

We can divide i?oo since in Lemma 15.21 we prove this term is strictly positive, uniformly 
bounded and smooth. Hence, 

i \ e ^lk 

h t 

~ k^\og[k m R 00 ^,t)^ + %^ + ---)} 

~ mk~ l log k + k' 1 log Roo + k' 1 log(l + ^^g 11 + • • • ) 

~ mk- 1 log k + k- 1 log R 00 + k- 2 ^^ + --- . 

2 

In the last step, we use the Taylor expansion log(l + x) ~ x — %- + ■ ■ ■ . Moreover, 



t\j \\U •> II, i- 



in C°° topology as k — > oo. This implies that the Bergman geodesies converge to the geodesic 
in the Kahler space in C°° topology. □ 

8. General Lattice 

In this section, we will sketch the proof of our main theorem for any principally polarized 
Abelian variety. 

Let M = C m / A where A = Spang {Ai, A 2m } is a lattice in C m with its normalized period 
matrix given by Q := [I,Z] where Z l = Z and ImZ > 0. Choose {x±, x m , y±, y m } as 
the coordinates of the basis dual to {A 1 ,...,A 2m } such that z a = x a + Y^B=i^ot$y^ an d 
z a = x a + YlJ=i Zapyp |GHj. 

Assume L — > M is a principal polarization of M, then the holomorphic sections of 
H°(M, L k ) are given by theta functions ( l3Tj) . 

Now consider the Kahler potential in the form: 

<p(t, y) = 2iryXy T + 4rr^(t, Xy T ) (64) 
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where y — (y±, ...,y m ), X = ImZ. We assume ip is convex in y and ip is smooth on M m and 
periodic with period 1 in each variable yj for any fixed t. Then it's easy to check that such 
Kahler potential satisfies conditions (129|) . 

By choosing such Kahler potential, Proposition 14.11 still holds depending on the following 
computations (see also |FMNj ): 



(9 v (z,n),e l (z,n)) h *= [ I e 

-/[0,l] m x[0,l] m \ n , &Z m 



-in(l+kn')-f(l+kn') T e -2wi(l+kn')-z 



r [0,l] m x[0,l] m 

e ^(l+kn)^(l+kn) e -2ni(l+kn)T-- Z \ . ^yXy^ -4k^(t,Xy) . ^ V ^ y ) dxdy 

= kv E f e- 2k ^ + ^ x (y + ^ T e- ik ^ x ^ • det V 2 <p t (y)dy. 
Thus {6i(z, Q), I G (Z/A;Z) m } forms an orthogonal basis of H°(M,L h ). Furthermore, 

||0,(2,n)||J fc = / e- 2 ^ + ^ x ^ + ^ T e- 4fc ^ x ^-detVVt(2/)^. (65) 



Then all main steps in the model case can be extended to the general case immediately: 

• Define u(t, y) as the Legendre transform of (p(t, y) with respect to y variables for any 
fixed t, then we can still linearize u(t, y) along the geodesies since the Proposition 15. II 
is only the property of convex functions (p. 106 in [R]). 

• By substituting tp by the Legendre transform u(t, y), we rewrite ( 1651) as 



Jm.™ 

where fi = Vy2. 

By applying the stationary phase method, we can get the complete asymptotics of 
this integration evalued at y! = —X ■ (-^jp) T which is the critical point of the phase 
function. Thus Rk{j, t) which is the ratio of the norming constants will be asymptotic 
to Roo(li, t) as 

R k (j,t) ~ J R DO (/i,t)(l + AT^CM) H )\^=-xi*fL)T 

If we change variable as fi ■ (47rX) _1 = u, then R^v^t) and each aj{v,t) are smooth 
functions over IR m and periodic with period 1 in variables v for any fixed t. 
In the general case, we define the operator U : f(x) — > f(x — |). Then for general 
theta functions 6i(z,Q), we still have: 

U(6 l (z,Q)) = e- 2 ^e l (z,Q), 

where e~ 2m i denotes e~ 2m ^ ■ ■ ■ e~ 2m ~k L . Then by applying the Weyl quantization 
to the Bergman kernel and using Fourier transform and Taylor expansion, for any 
f(47rX ■ x T ) G C°°(K' m ) which is also periodic with period 1 in x variables, following 
the proof in section El we can prove 

its; £ f(~ x -(—) \ mz ,m h ^ m+ + 
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where fi = Vy? . Our main result with the same formula as the model case holds if 
we apply this formula to -RooG", t) and each aj(fi, t) and follow the steps in section [71 

Thus our main result holds for any principally polarized Abelian variety. 

9. Complete asymptotics of harmonic maps 

The proof of Theorem 13.51 is similar to the one in |RZj . For brevity, we just sketch the 
main steps for the model case M = C m /A, where A = Z m + iZ m . 

The crucial formula in the toric case is the identity (4.1) in |RZj . while in our Abelian 
case, we modify it to be 

(Pk(q,z) -(p(q,z) 

( v (66) 

= \ log Eje(Z/fcZ)™ eX P {JdN d »(p) G (P^) l °g\\ 9 l( Z )\\l^ P ) dV dN(p)) \°j( Z )\%( g y 

where G(q,p) denotes the positive Dirichlet Green kernel for the Laplacian Ajv i9 , dVgjy is the 
induced measure on dN by restricting the Riemannian volume form cLVn from N to ON and 
v(q) is an outward unit normal to dN. Then to prove Theorem 13.51 is equivalent to prove 
that (166]) admits complete asymptotics. Denote 

2 



Then we can rewrite (1661) as 



Kk{q, j) = exp ( - f d u{p) G(p, q) log Jj J ^ (<?) dV dN (p) 



1 1^)1^(9) 

<Pk(q,z) -<p{q,z) = -^log Kk ^ 3 \\9.(zW 9 ^ 



Put u q := Utp(q) = u(q, •) is the Legendre transform of f q (y) G Hq for q G N. Denote 

K^q, x) = exp (-If d u{p) G(p, q) log ^T^f' \ dV dN (p)] (68) 
V ^ </<9v let v Up{x) j 

where x = V<£>. 

From the proof of the Regularity Lemma 15.21 if we plug in the complete asymptotic 
expansion of the norming constants ||^j(^)||^fc^ and ||^(^)||^^, we have the following 

complete asymptotic expansion, 

K k (q,j) = Kaofax) + H L=-if£ (69) 

If we plug ( 169]) into the right hand side of flSTj) . we obtain the following expansion, 

t ,„ g ( Ej ^ + 1 - Ej M9 , + . . . ) . 

Hence, Theorem 13.51 follows if we apply the generalized Bernstein Lemma 13.31 to each 
summation above and follow the steps in section [7J 
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